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Abstract. Results of a Monte Carlo study of a kinetic Ising model with triplet interactions 
are presented. Effective exponents are determined for the static susceptibility and relax- 
ation rate for the magnetisation time correlation function above the critical point. The 
results are consistent with Suzuki’s concept of weak universality. 

We present here results of a Monte Carlo study of a kinetic Ising model whose 
Hamiltonian contains pure triplet interactions on a triangular lattice, i.e. 

where pi = *l and ( i j k )  form a triangle of nearest-neighbour interactions. The 
dynamical properties of this model are defined by a master equation (Glauber 1963) for 
the probability function P(pl . . . p N ,  t), namely 

N 

= 1 (wj ( -p j )P(p1 .  . . - @ j  - * PN,  t ) - w j ( ~ j ) P ( ~ l  1 pj PN, t ) ) ,  (2) 
j = l  

where P ( p 1  . . . p N ,  t) is the probability that the systems will be in spin configuration 
{p l  . . . p N }  at time t. The transition probability w j ( p j )  for a spin pj to flip satisfies 
detailed balance and is chosen here to be 

wj (pj 1 = exp(2Pp jEj 1, 2PpIEi < O  (3) 
(in units of a free spin relaxation rate) and is otherwise zero. In (3) E j  is the local field at 
site j ,  such that 

The dynamical properties of this model are of interest since it is known from the exact 
solution (Baxter and Wu 1973) for the free energy corresponding to (1) that this system 
belongs to a universality class other than that of the nearest-neighbour Ising model. In 
addition to the exact results for the specific heat and correlation length exponents 
(CY = Y = $1, it has also been conjectured (Baxter eta1 1975) that the spontaneous order 
parameter exponent P = h, or equivalently that the static susceptibility exponent y = $. 
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The latter is of relevance for the dynamical behaviour of the triplet model, since one 
knows that the exponent AM, which characterises the divergence in the order parameter 
relaxation rate TM (with TM - where e = ( K , - K ) / K ,  with K = (J/kBT), satisfies 
the rigorous inequality (Kawasaki 1972) AM 3 y. (The equality corresponds to the 
conventional theory of critical slowing-down, which in general is incorrect for two- and 
three-dimensional systems.) Thus unless there is an unusual anomaly in the kinetic 
coefficient, one would expect AM to have a value only slightly greater than y and 
consequently be considerably different from the nearest-neighbour model, for which 
(Yahata and Suzuki 1969) AM = 2. 

We have investigated this question using standard Monte Carlo techniques (Stoll et 
a1 1973) and have studied the static and dynamical properties for a lattice of N = 
52 x 52 spins, using periodic boundary conditions. In particular, we have computed the 
time-dependent magnetisation correlation function 

where M ( t )  =N-’ Z L l  pi(r),  and ,y stands for the isothermal susceptibility. 
In general we follow the procedure and notation of Stoll et al; in particular, the time 

interval tm - t, is one during which all configurations assumed by the system are 
equilibrium configurations. The static quantities, CHI the specific heat, and x, the 
isothermal susceptibility, can be computed (Stoll et a1 1973) from expressions analo- 
gous to (4). The relaxation time rM for the magnetisation correlation function is 
obtained as an integral of &(t) over the interval from t = 0 to t = rm - r,. As a practical 
matter, defining the relaxation function as above leads to a value of &(t) which is 
negative for some value of t = t* (Muller-Krumbhaar and Landau 1976). The integra- 
tion of q5M(t) was therefore carried out over the interval from t = 0 to t = t*. The error 
introduced by this procedure is quite small. 

A minimum of 400 Monte Carlo Steps (MCS) were eliminated before any equili- 
brium averages were calculated. Averages were calculated over a minimum of 
1200 MCS. It was found necessary to eliminate 4000 MCS and average over the next 
12 000 MCS in the ‘critical’ region studies, corresponding to 0.02 s E s 0.1, in order to 
obtain accurate estimates of the time constant rM in this domain. For values of 
E < 0.01, finite-size rounding effects can be detected (Fisher 1971, Suzuki 1977). 

As a check on our method we have computed the average energy and specific heat 
and compared them with the exact Baxter-Wu (1973) solution. The calculated values 
for the energy are always in close agreement with the exact results, the error being about 
2% in the critical region. The situation with respect to the specific heat is quite similar, 
except that in the critical region the difference between the computed and exact CH 
increases, as one would expect, and the error becomes of the order of 10% for 
equilibrium averages computed from 1200 MCS. More important, however, is that in 
this domain the exact specific heat does not display its asymptotic behaviour cor- 
responding to an a =$, but rather, as can be seen from figure 1, has an ‘effective’ 
exponent of 0.72, due to the influence of non-negligible correction terms. Thus the 
region which we can in practice study using Monte Carlo methods is not the asymptotic 
region, and we can therefore expect corrections to the leading singularity to be present 
in the static susceptibility and relaxation time. At present, therefore, we can only 
determine ‘effective’ values for y and AM. However, since the difference between the 
‘effective’ exponent a in the region of our study and the exact a is small, we might 
expect the corrections to the leading singularity in x and rM also to be small. 
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Figwe 1. Specific heat C, as a function of reduced temperature c. The full line represents 
the exact solution (Baxter and Wu 1973). The full circlesrepresent the Monte Carlo results. 

Our results for the static susceptibility and relaxation rate are displayed in figures 2 
and 3 respectively. The effective exponents in this region are given approximately by 
y = 1.0 and AM = 1.3. Although an accurate estimate of the error is difficult to obtain, 
fluctuations in the data lead to an error estimate for the exponents of approximately 
10%. Within the precision of our studies, our results are consistent with the conjectures 
that y = f and AM 3 y. The most important qualitative conclusions which we can draw 
from our work are that the dominant contribution to TM comes from the static 
susceptibility (i.e. that the anomaly in the kinetic coefficient is small) and that the 
relaxation rates for the triplet and nearest-neighbour-like models are strikingly 
different. 

Our result AM -$ is in fact in good agreement with the concept of weak universality 
in dynamics, as proposed by Suzuki (1978). According to this, the ratio A/v should be 
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Figure 2. Monte Carlo results for magnetic susceptibility plotted against the reduced 
temperature e. 
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Figure 3. Monte Carlo results for the relaxation rate TM of the magnetisation time 
correlation function &&), plotted against the reduced temperature e. 

the same for the nearest-neighbour and triplet models. Therefore using the estimate 
AM = 2 for the nearest-neighbour model, and the known values Y = 1 and Y = 3, leads to 
the prediction AM = $ for the triplet model. 

Apart from improving the precision of our results by increasing the number of MCS 
used in computing equilibrium averages and obtaining data closer to the critical point, 
many interesting problems deserve future study. In particular, the low-temperature 
properties are of considerable interest, due to the existence of several competing 
ground states. In addition, the problem of the crossover to nearest-neighbour-like 
behaviour, which should occur in the correlation functions when nearest-neighbour 
interactions are included in (l), is also worthy of investigation. Our work is just the first 
step in understanding the dynamical properties of this model. 

One of us (JDG) wishes to acknowledge the support of a grant from the NSF as well as of 
a grant-in-aid from Temple University which facilitated this research. One of us (SLK) 
also wishes to acknowledge the support of a Lafayette College Summer Research 
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